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As the whole number of different trials that can be made will be repre- 
sented by 8a 8 , if P represent the required probability, because the stable 
positions above calculated are just half the whole number of stable positions, 
(x having been taken only from the center of (1) to one extremity,) we 
shall have 

p _ u i + u 2 + •••• + % i _ 209 
4«s " 2304' 



SOLUTION OF TWO PROBLEMS IN SUMMATION OF SERIES. 



BY PEOF. ». TEOWBBIDGE, WATEEBUBGH, N. Y. 

1. Reqtjieed the sum of the series 

^ 1 + r ^ 1+2 r + l+3r ^ ^ l+(n— l)r n ^ 

Solution. — First find the value of the definite integral 

j>(j?-iy-y(l+y) a -*- H 2 , , -, y, Kff — !)•• -2.1.^(1 -r-yyt-W H*-! 
"*" (l + r)(14-2r) "^ r ' (l+r)(l + 2r)...(l-Hjpr) J 

{ r '(l + r)(l+2r)..{l+pr) p K > 

Make p = 0, 1, 2, 3, &c, successively, and we shall have 
Fa __ i Fi = r_ y 2r 2 



l+r> 2 (l+r)(l+2r)' 

3.2r 3 
F 3 = — (i +r )(i+2r)(l+3r7 &C (3) 

Now take the series 

1 4- af 4- x 2r 4- . . . . 4- aj (n - 1)r = ^ i, then 

2*»= PdbCl + af + 08»' + . . . ) = Cdx.^^-l. 
J o ^ o * — ! 

Put a; r = 1 + y, x = VC 1 + #)> ^ = (l-^X^VC 1 + y)fy, ^ 

1 _ (1 + yf - 1 _ n + n(n-l)y ( n(n-l)(n-2y + _ 



a;'— 1 y '1.2' 1.2.3 
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^ = /! 1 ?[ (1+y) ^" 1 + ( "r? (1 + ^ _1 + &c -]%- • • • b y ( 2 ) & ( 3 ) 

y<r) __ w(ft — l)r , w(w — l)(n — 2)r 2 __ w(w — 1 )(« — 2)(n — 3)r* 

1.2(1 +r) ^ 1.2.3.(1 +r)(l+2r) 1.2.3.4.(l+r)(l+2r)(l+ 3r) 

+ .... (4) 

y(D— w — w ( w ~ 1 ) I- K»— !)(«— 2) _ «(«r- l)(rt— gX^— 3) ,_ 

1.2.2^1.2.3.2.3 1.2.3.4.2.3.4 ^ ^ 

From (4) we easily find 

yw — rw = * - I — nr I- Knr-l)^ 
B+1 " 1+nr 1+r 1.2(1 +*•)(! + 2r) 



= 1 + 



»(m — l)(n — 2)r 3 . 

l-2.3(l+r)(H-2r)(l + 3r) 
w . n(w — l)r 2 «(«. — l)(w — 2)r 3 



1— »w 1+r ' 1.2.(1 +r)(l+2r) 1.2.3(H-r)(l + 2r)(l+3r) ' " 
1 = T w(w— l)r» w( w— l)(n— 2)(n— 3)r 4 

1-wV 2 1.2(l+r)(l+2r) + 1. 2.3.4(1 +r)(l + 2r)(l + 3r)(l + 4r) + " 

2. Find the sum of the series 

4-l+^ + ^ + p + ....+ ^ (6) 

Since l-J-a; + a' 2 + ^ s + .... + af -1 = » n_1 -=-(# — 1) we evidently 

<™° *-/£/> ?Ei < 7 > 

Put a; — 1 = y, da; = eft/, then 



x" 



■ 1 _ (1+y)" - 1 _ „ + n(n-l)y + nfr^-l)(n^-2)y» ^ 



x — \ y ' 1.2 ' 1.2.3 

/"» a;"— 1 p , r , idn — l)y . "1 , n(n— 1) , 

■ w(w— l)(n— 2) . ,_ »(«— 1) i K»— !)("— 2) 

^ 1.2.3.3 * ' ' ' ^ 1.2.2 ^ 1.2.3.3 

= <y +1) + w (2/ ~ 1} + n(n 72?3 ( r 2)( ^ +1) + • • • • 

Therefore, since dx-i-x = dy -*- (1 + y) 

S„ = fjy[n + ^(3/-l) + ^^ ) fr*-y+l)+ ..] =« 

-^( 1 ^)+ q& I^( 1 +Hi)-^^ t, ^ ) (i+*+i+i) + . • 
• ' • * = w ~ ^V+^3^^ > -- t,(,,r "i^ t ^ 8 W > + • • (8) 



